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ON A FORMULA 
CONIC, AND ON 
THEREWITH. 


AN 


[371 


FOR THE INTERSECTIONS OF A LINE AND 
INTEGRAL FORMULA CONNECTED 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. vit. (1866), pp. 1—6.] 


IN a letter to me, dated 15 May, 1862, Mr Spottiswoode has extracted from an 
unpublished Memoir, and he has kindly permitted me to communicate, the following 
formula for the points of intersection of a line and conic; viz. if the equations of the 


line and conic are 


Ex + ny + & =0, 


(a, 6,6, ff g, h¥e, Y, 
and if 
=| Esti 
, @, h, 
m, h, 6, 
le Pats 


or, what is the same thing, if 


z} =0; 


= — (d, B, C, F, G, AYE, N, EF, 


where A =bc—/?, &c. as usual; then the coordinates (s, y, 2) of a point of intersection 
of the line and conic are found from the linear equations 


(gn —hE—O)a+(fn—b& )y+(on- fS )z=0, 
(af—g—& A Tai a a i a E )z=0, 
(hE—an )æ+(b -hn )y+(fE-gn-0)z=0, 
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equivalent of course to two equations, and giving by the elimination of (a, y, z), the 
equation 


O{— (4,7... FR ye tp | = 0, 
that is, giving for @ the foregoing value. And the linear equations then give 


x a ie 


=e Teton lke: ES +at—gé s+ AE- an 
Sr ard Sel LE ee no+ bnie, 


dé dé dé 
Sete cam : E Ge iaki : Sge tro gE +8, 
where obviously 


do do do ; 
-04+ Hn +Gt -07 = HE+Bn+ Fl - 05, = GE + Fy + Cb. 


By changing the sign of 6, we have of course the coordinates of the other point 
of intersection. The formule which, singularly enough, have since been given incidentally 
by M. Aronhold(?), may be easily obtained as follows. 


Writing for shortness 
P = ax + hy + gz, 
Q =hæ + by + fez, 
R=gæ+ fy +cz, 
then the equation of the conic gives 
Pet+ Qy+ Rz=0, 
and combining with this the equation 


we have 


æ : y : z=Qg— Ry : RE- PE : Pn- QE, 


or what is the same thing, taking an indeterminate multiplier 9, 


—0s+ Rn — Q=0, 
 —0y+ Pe -— RE=0, 
— 0z + Q&—Pn=0, 


1 In his interesting Memoir ‘‘Ueber eine neue algebraische Behandlungsweise der Integrale irrationaler 
Differentiale von der Form II (z, y) da, in welcher II (x, y) eine beliebige rationale Function ist, und zwischen 
t und y eine allgemeine Gleichung zweiter Ordnung besteht.” Crelle, t. LxI. (1862). 
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which are, in fact, Mr Spottiswoode’s linear equations, and which lead, as before, to the 


value 
@=—(4,...¥& n, E 


But this value of @ is obtained in a different manner by expressing (a, y, 2) as 
linear functions of P, Q, R; viz. putting as usual K=abe — af? — bg? — ch? + 2fgh, the 
linear equations thus become 


AP + HQ+GR+ (tQ —nR)=0, 


HP + BQ+ FR +“ (ER-£P)=0, 


GP +FQ+0CR +4 aP- £Q) =0, 


or eliminating (P, Q, R), we have 


KE Kn |= 0, 
A a Mr ey a 
Ke Ké 
Eo a B j Ft i 
Kn KE 
G+ J? F PE C 
that is 
anoa (PEE) s(a -o(m— HP) 


s5 (0449) (ce 


+(P-48) (0-8) (18) =o 


or, reducing, 
ABC — AF? — BG? — CH? + orcH +£ F re HE n, P= 


that is i 
+ Arr Em, E=; 


as before. 


I reproduce, as follows, a fundamental formula of Aronhold’s Memoir. Consider the 


function 


wan og Ge ir e ae Y, 2) 
~ yf- (4, ... Ou, V, wy} 8 Ue + vy + wz > 


where a, Yı, % (corresponding to æ, y, z in the former part of this paper) are deter-. 


mined by the conditions 
(a, ee Wa; Yi z) = 0, 


un, + vy, + w2 = 9, 
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so that putting 

0 =v4{- (4, ... Yu, v, w}, 
and 

P, = az +hy+ ga, 

Q = ha, + by, + fa, ? 


R= Gay, + fy, + C2, 
we now have 
— 0m + Rv -Qw = 0, 
— ôy, + Piw — Riu =0, 


— za + Qu — Pù =Q); 
and the value of @ is 


lo Pix+ OY + Rz 


w=} 
0 we + vy + wz 


Treating (x, y, z) as independent variables and differentiating, we have 


d 1(Pide+Qidy+Ridz _ uda + vdy + oe 
ety eS SE ie ee Se 
0| Piwt+Qy+ Rz uw + vy + wz 


a i eden yda) (Qu — Piv) + (ydz — zdy) (Riv — Qw) + (zdæ — xdz) (P,w — Ru) 


(Pie + Qy + R2) (ux + vy + wz) 


a, (ydz — zdy) + yı (zdæ — adz) + zı (zdy — ydæ) 
(Pæ + Quy + Riz) (ua + vy + wz) 


? 


or, what is the same thing, if 
P =as + hy + gz, 
Q =ha +by + fz, 


R=ga+fy+cz, 
so that 


P,e + Qy + Rz = (a, ... ýx, y, Ya, Y, 2) = Pa + Qy + Ra, 
then we have 


_ (ydz — zdy) x + (eda — adz) y, + (xdy — yda) a 


ae (ua + vy + wz) (Pam + Qy + Rz) 


Suppose now that (æ, y, z) are connected by the equation 


(a,...§2, y, 2? =0, 
we have 
P#+Qy+ z=0, 


Pda + Qdy + Rdz=0, 
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and thence 
ydz — zdy = OP, 
zdæ — «dz = OQ, 
ady —yd«=®OR, 


and consequently 
A © _ _ydz—2zdy + Xt wde ede ady -yde 
Oat vy + we (uæ+vy+wz) P (us +vy+w)Q (ux + vy+ wz) R’ 
or selecting the value 
_ edem pdr zdæ — sdz 
? = (ua + vy +w) Q (us+vy+ wz) (ha + by + f2) 
and writing 


“=X, =F, 
z z 
we have 
5 apa 2d X 
(ux + vy + wz) (he + by + f2) 
= dX 
(uX +0Y +w) (hX +bV4+f)’ 


where X and Y are connected by the equation 
(ae AN Lh =.0; 
that is, Y is a given quadric radical function of X. Hence integrating and restoring 


for w its original value, but writing therein “=X and t= Y, we have 
| dX } 1 : CER CEEA EA., 
UX +v¥+w)(AX+OV +f) vi- (A, -Xu vn w} 8 uX +oY+w ” 


where, as just mentioned, Y is a given quadric radical function of X determined by 
the equation 


(a, b, h g, AYX, Y, I= O, 
and the constants 2, yı, 2, are such that 


(a, YX, Y 2) =0, 
UL, + VY, + wz, = 0, 
the ratios of these quantities being therefore determinate; there would, it is clear, be 


no loss of generality in assuming z,=1. This is Aronhold’s Theorem I. 


2, Stone Buildings, W.C., October 23, 1862. 
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